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ABSTRACT

A moment analysis of the equilibrium adsorption model is developed.
The tools deveioped in this paper are dependfent only on. a knowledge of the
system transport and thermodynamic parameters and on the Laplace trémsfdrm
of the system equations. Correlationé are developed to predict the time of
appearance of chromatograms for the equlllbrlum model and for its spread.
The appllcablllty of this methed 'bo the non-equilibrium model is d.lscussed.
The work 1s aimed at design of chromatographs, but most directly at the
design of a chromatograph for a Mars Voyager.
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PART I
INTRODUCTION

One important phase of the initial Voyager missions to Mars is
the search for organic matter and living organisps.on the Vma'rtia.n surfa.ée.
The present coricept for attaining this objective consists of subjecting
samples of the atmosphere and surface matter f,o certain chemical -and bio-
logically-related reactions and thereafter analyzing the products produced.
The most likely system for a general chemical analysis appears to be a
combination gas chromatograph/mass spectrometer. This unit would be s
major component in the biological and chemical laboratory of an unmanned,
remotely controlleé. roving lander for Mars. It is the objeétive of the
Chromatographic Systems Analysis program to generate fundamental engineer-

-ing design techniques and system conqepts for use in opbimizing the i
design of such a chromatograph separation system. Such a system should
provide maximum resolubtion with minimum retention times and minimum |
éarrier gas usage, and should be capable of separating components evolving '
from many different kinds of experiments.

Because of the varity of mixtures to be separated and the com-
plexity of the fractionating process, a system analysis based on the math-
ematical similation of the chromatograph is being under taken. The tech-

nique will use mathematical models, which will incorporate fundamental :

parameters evaluated from re?orted experiments and analyses, to explore

various concepts and to direct further experimental research.



 PART II

Due to the lack of an available mathematical solution to the non-
‘eqpilibrium diffusion equations, several approaches hawve been used to describe
chromatographic systems. Height of theoretical plate theories are widely
used in the field (L4); however they are analysis tools rather that design
eriteria. Approximations have also been made to allow solution of the
system equations. The first order; non-diffusioenal model, fails to adequately
characterize spreading (11). The equilibrium adsorbtion model is studied in
this paper. However, although it is a reasonable approximation to réality
for very long columns, the purpose here is not to propose it as an approxim-
ation, but rather to use it to develop tools ﬁhich will be applied to the
non-equilibrium case.

The "tools" are the methods of moment analysis. They are.developed
with the intention of designing chromatographic systems rather than analyzing
them, as has been the case in previous work (5,7). The moment analysis
approach requires a knowledge only of ﬁhe‘system parameters and the Laplace
transfofm solution of the system‘eqpaiions. Since the transform solution
is available for both the equilibrium and non~equilibrium diffusion models,
the methods developed in this paper may be applicable to the actual chro-
matographic systems.

The first moment sbout the origin, @, calculates the time of appear-
ance of the mean or center of gravity of the chromatogram. By a knowledge
of the second (ue) and third (u3).moments gbout this mean, a correlation
is developed such that the appearance of the maximum in the time domain can
be calculated as a function of the system parameters. The variance, Ho»
allows one to determine a characteristic spread about the mode (maximum)
~on the time scale within which one can expect to find at least 90% of the
area of the chromatogram. » ; B

Thus through a knowledge of the moments of the chromatographic
system equations it appears possible to predict Wheh.a chromatogram of a
‘substance will appear in the time domain,and to characterize its shape by
the ‘skewness of the maximum from the mean and by the spreading of the curve
‘gbout this maximum. These results if obtained far the non—equilibrium case

will aid preliminary design Tfor an optimum chromatograph for a Mars Voyage.



PART IIT
BACKGROUND

The concern of sc:Lentists and eng:.neers involved in chromatographlc
work has been and still remains the solution in the time domain of the
diffusion controlled non—eq;ulllbr:.um model equations. The equations expressed

in dimensionless form are:

; 2
$r- 2 Eh - $E g o) )

o)
4 (78 = Tuen (59 (2)
y. = mxy (3)

They havé not been solved in convenient form. Lapidus and Amundson (8) have
given a solution in the form of integrals of Green's functions 3 and it requires
numerical integration. With the extended use of computers this solution may
be given more attention. .
) At this time the majority of the work has been done under a philos-
ophy different from that of this task. The workers have been interested in
optimization of existing columns, that is, analysis on how to 1mprove per-
formance of equipment, and in determ:.nlng value for the various rate constants.
Theories such as those concerning theoretical plate height (HETP), and random
walk mod_els (11-) became the objects of concern. |

" When ’ohe Chromatogzraphic Systems Analysis was u.nderta&en, it was:
decided that a new approach was necessary because the emphas:.s was to be on
design of systems. In this approach it was desired to predict the time domain
behavior of any co_li.unn given the characteristics of the substaﬁces to be sep-
arated. This could allow the design of an "optimum" column for a Mars voyage.

Initial work was concerned with examining the suitability of using

" & non-diffusional first order model (11). It was assumed that in Equation 1’
the term ’

&
;e(y)

was very small, that is, the effect of longitudiné.l diffusion was negligible



as compared to the bulk flow transport. 'Howeve'r , it was determined expérimen— i

tal].ly that this model was inadequate to descibe an actual chromatogram.(ll).

Figure 1. shows an experimental curve and the prediction of the firét order
model. It was decided that there might be two 'confributing factors to the -

‘ extra spreading of the actual curve. One was the Tact that injection time -

was finite rather that zero as assumed by the use of a Dirac delta function
for input. This was examined by Krum (6). The second factor was assumed

to be the fact that longitudinal diffusion does indeed have a significant

effect upon mass transport. . »

Thus it was decided that a diffusion model should be examined. The
work in this area in recent years had been in developing the use of statist-
ical time moments to analyze chromatographic systems (5,7,16). However,
the moments were again used in analyzing ‘chromatogra.ms rather than in pre-~
dicting their time behavior, the real design problem. Nevertheless, it
appeared that the moments technigue migh’c. be applicable to this design problem,
an approach which was unique. This task, then, was cahcerned with developing
the moments as a semiquantitative tool for use in the design of chromatographic

systens.
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PART IV
THEORY

A, Equilibrium Adsorbtion Model:

In ofder to be able to develop the tools to be used in a moment
anal&sis, it was necessary to have a chromatégraphic model which exhibited
characteristics similar to those of an actual chromatograph. Ideally if
the solution of the non-equilibrium diffusion model would have been avail-
able, it would have served as a testing medium. However, at the time this
tagk began, it was not available in a usable form. '

‘The choice of the equilibrium adsorpﬁion model was made on the basis
of its approximaﬁion to a real chromatograph. It has a considerable amount
of characteristic skew and asymmetry, and actually for very long columns is
‘a reasonably good approximation to reality (6).

- The basis of the model can be seen if we consider the case where the
adsorbed phase is always in equilibrium with the gas phase. Equations 1, 2,

and 3 reduce to:

3 . 1 9%, ay 1, )
56 " Rl T E ("5;%)
¥y = m Xy,

3

Notice that this can also be obtained by ietting Nioq become infinite.

Under this condition, y approaches the equilibrium value y¥. This is true
because & very long column allows the system to approach equilibrium
conditions. , _ _

It was now necessary to solve the system equations so that chromato-
grams could be obtained for use in the analysis. The equation requires three
boundary cpnditioné for its soluﬁion. Although there is some qpestioh as to
the validity of the conditions used, the ones chosen are those generally used
in all chromatographic analysis, and are the ones that will be applied to the
non-equilibrium model (3,1k4): '

1. y(0;z) = 0 ; 'x, (0,z) = O



2. y(8,0) = A%(t)
3. lim y(8,z) = finite

Z =0

The first states that at time equal to zero, only carrier gas is flowing in
the system , and no material is adsorbed on the substrate. The second states |
the input takes the form of an impulse, although studies are also being
conducted to study the effect of pulse injection, that is finite injection
time (6). The last is the questionable condition (3), but has been shown to
be realistic for most practical purposes (2).

Using these boundary conditions one can obtain an analytic solution

to the system equations of the form (8):

Pe Pe z
£ xp (

xS

Pe & Pe z° By (n)

¥(gz) = A (2-) =g2)rex (5~ - g5

By setting z = 1, that is, considering the exit of the column; one is able
to generate time domain "curves" for the model. One is now prepared to

undertake a moment analysis of the system.

B. Moments:

In order to carry out the analysis it is necessary to obtain the mo-
ments of the' system. The definitions of the moments.have appeared elsewhere
(1,9). The mean is defined as

5 - fe:yde (5)

o
Jr yde
°

and represents the center of gravity of the time/composition curve. The

succeeding moments are found by taking moments ebout this mean:
j (e-8)" yase
(-]

-l-y de
(- ]

(6)



5y -

In both.cases the integral

e -]
jyde
o

fulfills the necessity of having the area under the curve equal unity, that
is, i’c normalizes the moment. For this system the integral is equal to A.
| The moments of interest for this paper are the mean, and the second
and third moments about the mean. ' '
The second moment about the mean, Mo , 1s commonly called the vari-
ance, and is often designated as 0‘2 . It measures the spreading br dis~

fpersion about the mean, and may be computed either from Equation 6 or from

the following: co
- f ¢® yae -
-2
by, = —=— -3 (1)
' A

. The third moment about the mean, p3, is generally called skew, and
it has been used as a qualitative measure of how much the curve is skewed

from thé mean. It may be calculated either from Equation 6 or from the

o
f 93) yde
_ < °
3 A

following:

u - 38, - & (8)

The values of the various integrals in Equations 5,7, and8 may be obtained
directly from timé/composition data or by direct integration of the solution
to the mathematical model. Since the mathematical models do not have simple

" time domain solutions, it is more convenient to obtain values for the

’ekyag
(-]

by means other than direct insertion of values for y. Fortuna’cely it can be

integrals :

shown (7), that if one has the Laplace transform of the solution, Y(s) then:

, ' k
J:k v a0 = (-1)¥ 1im —g———gﬁ

S
© s—»0



Thus only the transformed solution is necessary to obtain all needed infor-
mation for the moment analysis. This transform solution is available for

both equilibrium and non-eguilibrium diffusion models.
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PART V 4’
RESULTS AND DISCUSSION

The purpose 6f the moment analysis is to characterize approﬁjxmxely
the location and shape of a chromatographic curve, without using the time
domain solution, by having a knowledge of fhe system parametérs, Pe, mRo, and
NfoG' It has been shown that these parameters are predictable for any given
chemical system and column (10). Thus one has the necessary tools, along with
the moments, to characterize the curves. Relating quantitatively these moments
to the time domain,however, is the major task.

It was shown in the previous section that by the use of the Laplace
transform solution of system equations one can obtain the moments necessary A
for analysis. The first is the mean of the function. With this moment
one can determine exactly when the mean of the chromatographic curve will

appear. For the equilibrium adsorption model the mean, §ﬁ is given as

The result is significant in several respects. First it is a function of
a predictable system parameter, and secondly it is a function only of the
thermodynamic parameter, and independent of the diffusion, l/Pe. This
result was also noted by Kucera (7).

Now that it is possible to determine where the center of gravity
of the peak occurs, by use of the variance, 62, one should be able to
charécterize the spreading of the curve. The variance for the equilibrium
adsorption model is '

=) 2

Again the result is a function of predictable parameters; and is easily
calculated. However, at this point it was advantageous to examine the curves
more closely. Figure 2. shows the effect of Peclet number on thé location
of the maximum point and the shape of the curve. If the variance about the
-mean, Equation T or 9, is used one would be characterizing curves whose
maximms occur at distinetly different points by dispersion about the same
point, the mean. TIt, therefore, appears that it would be more characteristic
of the chromatogram if the spread could be taken about the maximum point,
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& __, instead of the mean. The variance or second moment can be taken about
any point by the use of the moment integral, Equation 6. If this is done
for € , the result in terms of the spread about the mean is given as

2 _ 2 =12
Fox = 9+ (84)
vhere
-é-emax
A= —
N

This would be the solution to the problem if one could estimate

6 - _emax _from the various moments. Pearson (13) suggested that the deviation
defined as skewness

= mean (8) - mode (6 )
/3

¢/

7}

Therefore if one could calculate the ¢, it would be possible to determine

the time of appearance of the max:umm value of y. It has been suggested (12)
that for small skew

1. 4 32
a ~ s/ u;

or using the relation between the standard deviation and the variance, Hos

8-6 " ,
max
' =2 6§3_ (10)

Bearrangement of Equation 10 yields

- 8 . i3
max = - 3
— = = A (1)

where



for the equilibrium adsdtption model. This relation, however, is expected
to be valid only for small degrees of skew. Empirically, one can extend the
_concept by stating ' '
H3
A = f —

20 Ho

where the functional relationship is detefmined ex@erimentalxy. Figure 3
shows a plot of A, calculated for the equilibrium adsorbtion model with Pe.
Noticé that for values of Pe greater than 60 the linear relation represents
the data extremely well. Even at a Peclet number of 30 the deviation from the
linear relation is only 5%. The question now becomes whether or noﬁ the lin-
ear relation is valid in a practical range. Table I characterizes two typlcal
chromatographic columns. One is the one ﬁsed for the results of Sliva's

- report (11), a typical commercial columm; the other is a micro column similar
to théﬁ expected to be on a Mars Voyager (15). Note the worst condition
appears to be a Peclet number equal_to 1ho.

TABLE I
Characteristics of Two Typical
Chromatographic Columns

‘ ) Commeréial column Miero column
Length (cm) ’ 61.0 2.5
Diameter (cm) 0.46 0.025
Particle diameter (cm) 0.021h 0.00265
Velocity of carrier gas (cem/sec) 15.23 16.92
Peclet numbér 2860 1ko.

It appears that the above definition of skew is adequate for estimating the
location of the maximum point, so it is possible to characterize the spreading
of the curve about this. By use of CSﬁax, the defiation, it is possible

to determine a certain characteristic distance on the time axis within which
a certain percentage of the area will be contained. Figure i shows the area
contained within 2 Cﬁax'spread for Peclet numbers qf 30 and 300. It is

13
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easily seen that a 2C§ax willhyield a spread that will characterize almost
the total area of the curve. Table II summarizes the exact fractions of area
for various values of the column transport parameters. A great deal of the
lack of é set pattern in the numbers is due to the fact that the numerical
integration that was used to detremine the area was not the mpst accurate
available. Notice that in the range under consideration at least 9L of the

area is contained inside of the 2q;ncspmead.

TABLE TT
Summary of Area Correlation

mR

hroa(,,) vea(ag,)

o < Cmax
30 .02 13.190 ik.12 72k .960
.20 1.550 1.650 .738 .960
.50 TT5 .821 .736 .965
k.o -323 .346 .718 .980
60 .02 9.320 9.620 .728 .9L5
: .20 1.096 1.130 .730 .9ko
.50 .548 .565 .7135 .920
~ k.0 .228 .236 <713 .930
100 .02 7.210 7.211 .950
.20 .849 .850 .710 .93
.50 RN Lios .9k9
k.0 177 Q77 .715 .960
300 .02 k.160 k.190 .9k
. .20 490 493 .689 ©.9lh
.50 .2hs5 2h7 948
k.o 102 .103 .690 .960
1000 .02 2.280 2.280 . .950
.20 .268 .268 .685 970
.50 23k 13k
h.o_ .0559 .0559 .684

) In summar&, it appears that by a knowledge of the system transport
parameters and only the transform solution of the system equations, it is
possible'to determine where the peak will occur and how wide the curve will
be through the use of a moment analysis, at least for the equilibrium adsorb-
tion model. Because the model represents the characteristics of realistic
chromatograms fairly well, the above moment analysis can be used to approximabtely
characterize the chromatograph even though more complicated mathematical models

may be required to represent the process. 1In other words, knowledge of the



moments will yield the mgan of the peak, the mode br_maximum of the curve
(Equation 11 or Figure 3), and the value of the standard deviation,C%mxx.
The time within 25;x of the maximum of the peak should encompass at
least 90% of the chromatogram.

* This information is useful for two purposes. Tt will allow prelim-
inary evaluation of a column for the separafion of known substances by prb-
viding estimates of the degree of overlapping of the component chromatograms.
The moments are easily obtained and preliminary evaluation of column para-
meter changes can be made. The second application involves its use in the .
evaluation of more complicated mathematical models for the chromatograph.

It appears that a solution in the time domain may be obtained by
use of numerical integration of equations developed by Lapidus and Amundson
(8). The implimentation of this integration on the computer will greatly
be aided by a knowledge of the moment analysis, for it will be possible to

predict where the peak occurs and how much it is spread.

17



PART VI
CONGLUSIONS AND FUTURE WORK

This paper has presentéd. an approé,ch to chromatographic system
analysis . It has been implemented on an equilibrium adsorption model.

The philosophy of the approach is somewhat different than previous work
done in the area because of its "design of column approach" rather than
-analysis of existing column.

Tt allows one to determine in the time domain the appearance of
the center of gravity (mean), and the maximum of the peak (mode) merely
through a knowledge of pradictable system transport pa.x;ameters , and the
transform solution of the system equations. The method also yields a
characteristic distance on the time scale, the variance (O'mix) , Which
_is a measure of the area, and therefore the amount of sample, under
thg chromatogra;hic curve. A knowledge of these characteristics will
allow a design analysis of the specific separation problems which may
occur on a Mars voyage. ‘ '

What has been done, however, has been a dévelopment of tools.

It still remains to relate these tools to the non-eqﬁilibrimn system
model, whose transform solution and moments do exist (5,7,8,16).
Testing will have to be done on actual chromatogrphic curves, as the
model as of now does not have a time domain solution. A

'Perhaps a more direc)t use of _the moments is in the development
of a series solution for the non-equilibriuvm model. By the use of orthog-
onal polynomials, such as those of Hermite (7), or Laguerre, one may
possibly generate a series solution whose coefficients aré expressed only |
in terms of the moments of the system equétions. .

~ In & broader sense, perhaps this type of moment analysis can be
extended to the analysis of other distributed processes which have conm~
~plicated mathematical models anci‘ transfer functions. The development of
distributed parameter model representations in control has been hampered
by a laék of techniques for easily obtaining tizﬁe domain solutions.

Moment analysis may provide a useful tool for approximation purposes.

18
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PART VIT
NOMENCLATURH
A - dimensionless value characteristic of the total amount of
'materialAinjected into the column.
A - diffusional constant, longitudinal.
D - diameter of column.
DP - diameter of particles used in bed packing.
L - total length of column.
m ~ thermodynamic constant which characterizes the equilibrium
between sample in gaseous phase and adsorbed phase.
:Nfog - mass transfer controlling parameter, function of eqpilibrigm
between species and column length.
- Pe - Peclet number, dimensionless diffusion constant,AZﬁN‘
Rb’ = ratio of moles of gas in bed to the moles of liquid in bed.
s . - Laplace transform variable.
v - carrier gas velocity.
x5 - composition of sample in adsorbed phase.
Y(s). - transform of y.

- compoéition gaseous phase.

- eguilibrium gas composition.

- dimensionless distance down the columm.
- skewness. ; .
thermodynamic parameter, 1 + l/mRo

- defined variable,

= Dirac delta function.

- dimensionless time

- meaﬂ of chromatographic curve, or time of appearance of center

or > o B> w Q N
1

of gravity.

0 .= mode, or time of appearance of the maximum point of chromatogrshic
max

: curve.

ué - second statistical moment about. the mean.

" - third statistical moment about the mean.



K}

omax

- standard deviation of curve about the mean.
- standard deviation of the curve about the mode.
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PART IX
APPENDIX

SOME MATHEMATICAYL. CHARACTERISTICS OF THE EQUILIBRIUMAADSORPTION MODEL

1) Transfer function

X(s,2) = A expl (-2) 2 ()2 () + o)M/2) exp (B2

ii) Mode Equation:

e, = s
max
1+ ) 2

'1ii) Moments about origin (obtained from derivatives of transfer function):

Oyae  =as® (1 +2)
oy Pe
2
Oyae As3(1+%+l§-2-)
(o3 Pe

22



